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1. INTRODUCTION 
In the article [3] the authors stated the following theorem: 
THEOREM 3.1. I~(GF(P’), f, .) is a generalized Andre’ system which is also a 
Bol quasiJield, then (GF(p’), +, .) is a Izearfield. 
Professor Heinz Liineburg has pointed out to the authors that a serious error 
exists in the proof of Theorem 3.1 given in [3]. It is not necessarily true that 
(u, q + 1) := 1, u and q as given on pp. 167-168 of [3], even for nearfield planes. 
Thus Lemma 3.5 of [3] cannot be true. In this article we present another proof 
of Theorem 3.1. The v of this article is not the same as the v of [3] and our new 
proof depends upon a reductio ad absurdum argument. 
We will assume the reader is familiar with the original article [3], which we 
shall refer to frequently, and with the necessary background information. 
The authors wish to thank Professor Liineburg for kindly reading a preliminary 
draft of this article and making several helpful suggestions. We also want to 
thank the referee for his careful reading of the article; the proofs of Lemma 4 
and 14 are essentially his. 
Professor P. B. Bhattacharya has pointed out an error in the proof of Theorem 
(4.2) on p. 176 of [3]. We suspect that the Theorem is correct but we do not 
have a proof. 
The reader will probably find the argument easier to understand if he refers 
to the following list of symbols, informal definitions and summary of high points. 
We are working with the elements of a field K of order pd. If w is a generator 
of the multiplicative group and m = w , i then i is the index of m. For each non- 
zero m there is a non-negative integer x(m) less than d and: 
Mi is the set of values of m for which A(m) = 
Ti is the corresponding set of indices 
Vi is the set of values of li reduced mod u 
IV, is the set of values of Vi reduced mod v 
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11 is an integer such that all elements of 1, are = 0 mod u 
v is a factor of u which is a multiple of v,, = U(U, q + 1)-l 
yr is a residue mod v such that W, = {yk} 
t is the number of values of i such that yi = y0 (See Lemma 13.) 
dl = [(d - 1)/2]; d, = [(d - 2)/2] 
y[kl =y .y . ... .y(k times) 
Pa: m+(a*m)-a 
uk: m -+ #I 
Tk.: 01 --f (qk - l)(q - 1)-b 
pk: ark reduced mod u 
E a$ m + m(bf~-l)~ 
Summary of proof. The Bol quasifield will be a nearfield if h(m) is index m 
reduced mod d, i.e. if Mi is the set of values of m such that index m = i mod d. 
Obtain a contradiction by assuming that we do not have a nearfield. 
If a E Ml and b = aLkJ, then M2k = M,,ph and M,k+r = M,pb so that 
: MO 1 := I M2 I = ... and 1 Ml 1 = 1 MS 1 = .... 
An integer I( exists such that vzk is a residue class mod u. (Lemmas 3 and 4.) 
vk = vlTk . (Lemma 8.) 
By a succession of Lemmas culminating in Lemma 12, we show that for each K 
there is a yk such that the set Wk (see above) consists of the singleton {yk}. This 
would seem to imply that Ik is a single residue class mod z’ but we must allow 
for the fact that a residue class mod v is represented by more than one yk . 
That is, we may have yi = yj for i # j so must introduce the parameter t. In 
Lemmas 14 and 15 we show that u = d = vt where t --- 1 or 2. Without loss 
of generality t = 2 since otherwise we have a nearfield. 
In Lemma 18 we show that zJa,b is a permutation of 114, . The group generated 
by the Lb is isomorphic to a subgroup of the multiplicative group of K. In 
Lemmas 19-22 we show that this permutation group is large enough to force I, 
to be a residue class mod d. This turns out to be inconsistent with t = 2. 
This research was supported in part by the National Science Foundation. 
2. PROOF OF THEOREM 3.1 
Let (Q, +, .) be a right generalized Andre system which is a Bol quasifield. 
Assume Q has order pr = qd where GF(q) is the kernel. Then we can take 
Q = GF(qd) (set-wise), -J- the field addition, and . is given by 
x -y = yql, y+o 
C 0, y=o (1) 
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where A: Q - (0) -+ 2, is a mapping. Furthermore, the fact that (Q, +, .) is a 
Bol quasifield says 
[(x . Y) .4 . Y = * . KY .4 . Yl 
holds for all x, y, z E Q. 
(2) 
Translating (2) into a relation involving A, we obtain 
jq(y . x) . y) = x(yqA(z)+A(y)+l~A(y)) 
= WY) + 04 
(3) 
for all y, z E Q - (0). Another consequence of (2) is the following: Let 
y EQ - (0). Define for the integer K, 
v(k, y) = [q”‘“’ - l][qh”’ - 11-1, (4) 
and let ytil denote the ith power of y with respect to the multiplication . of 
the quasifield. Then 
A(y[“l) = h(y”‘y = kh(y). (5) 
The proof is by induction and is left to the reader. (See [3], p. 167). It also 
follows from [3] that the set S F {X(x) 1 x E Q - (0)) is a subgroup of 2, ([3], 
Lemma 3.1) and hence, without loss of generality, we may take S = 2, . (See 
[31, p. 168). 
In [2, p. 611, it is shown that for every a EQ - (0) the mapping 
+a: (X,Y) - tx . 4Y . 4, (m) - ((a . 4 4, (6) 
where rZ is defined by d . a = a . ci: = 1, is a collineation of the affine plane 
coordinatized by (Q, +, .). It follows that the mapping 
p,:m+(a.m)-n (7) 
is a permutation on the set Q - (0). This is the first part of: 
LEMMA 1. Let UEQ-{O}. 
(i) The mapping pa: Q - {Oo> --f Q - {0}, given by mp, = (a m) . a, 
is a permutation. 
(ii) For all integers k > 1, pak = pb where b = aLLI. 
Proof. We need only prove (ii). The proof is by induction. For k = 2, we 
have 
mpa2 = ~[(a . m) . u] . a = [(at21 . m) . a] . a = (d21 * m) * cd21 = mpa[21 . 
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Assume true for lz = n. In (Q, *), the identity (x . y[“J) . ylnl = x . yIm+%l holds 
for all x, y. (See [4].) This yields 
mp, n+1 = (mp,“) p. = a[(a[“l * m) * a[“]] ’ a 
= [(a[n+ll . m) * &4] . a zz (,[n+ll - 712) . a[“+11 
= vah+ll . 
Our proof of Theorem 3.1 will be by contradiction. To that end, we make the 
following assumption: 
ASSUMPTION. (Q, +, .) is not a nearfield; i.e., (Q - {0}, *) is not associative. 
DEFINITION. For i = 0, l,..., d-l,iVl~={m~nz~Q-{O),X(m)=i}and 
Ii = (index m 1 m E M,}. 
Remark. In the following, we sometimes may have Mi and/or Ii where 
i > d. It is to be understood that such subscripts will be taken modulo d, e.g., 
Md = MO, I d+l ==(I1 . Tpi make; complete sense since for all x E GF(pd), 
x@ = x; hence xq = (xq )q = xq for all i. Note also that 
d-l d-l 
g Mi = 8 - PI and ,U, 4 = z,+, . (8) 
We have the following relations between the sets Mi and the permutations pa . 
LEMMA 2. Let a E Ml , let b = uLkl and let c = u[~+~~+~I. The following hold: 
(i) For all i > 0, n/l,p, = M,+i . 
(ii) If d is odd, the-n 
for k = 0, I,..., (d - 1)/2 and ) Mk / = ) M, 1 for all k. 
(iii) If d is even, then 
Ma = J.%,P~ 
M 2k+l = MIP~, 
) Mzk 1 = / M,, /, and ) M,,,, I = ) M, / for all k = 0, I,..., d/2 - 1. 
Proof. By (3) if m E Mi and a E M, , then mp, E M,,, , so Mipa C M2,i 
for all i. Thus, for all k, 
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In particular, 
Md-z~a C Mo . 
Assume d is odd: then we obtain 
IMol <lM,l <... d I W-1 I < I Ml I < I MS I d ... G I h-2 I G I M, I- 
Hence 1 Mk I = I M, j for all k and (ii) holds. 
Assume d is even; then we have 
Hence / MzI, I = / M, I and ! Mzk+, / = j M1 1 for k = 0, l,..., d/2 - 1. 
Therefore (iii) holds. 
It follows that (i) holds in both cases. 
LEMMA 3. There exists an element u E Z,+, such that u / qa - 1 and I,, = 
{index m I m E Q - {0}, index m = 0 (mod u)}. 
Proof. This is just a restatement of Lemma 3.2 in [3]. 
LEMMA 4. The following hold: 
(i) For all k, Izlc is a residue class of u in Z,+, . 
(ii) If 2k + 21 (mod d), then Izlc and I,, are distinct residue classes of u. 
(iii) If d is odd, then Ij is a residue class of u in .Z+, and j + 1 (mod d) 
implies Ij and I, are distinct residue classes of u. 
Proof. By Lemma 3 we have I0 = {iu / 0 < i < (qe - 1)~l}. By Lemma 
2(i), if m E Mzk th en m = (aLkl . no) . alkl, where a is a fixed element of M1 and 
M E M, depends on m. Let j = index a[hl and let 1 = index E. By (5), j E Ik; 
also, 1 E I, . Then index m = index[(a[“l . ti) . a[“]] = j(q” + 1) + lq”. AS 1 
ranges over I, , then because (q, u) = 1 we have index m ranging over the set 
{ j(q” + 1) + i’u I 0 < i’ < (qd - 1)~l}, a residue class modulo u. 
For (ii), note first that by definition Mzk = M,, if and only if 2(k - 1) = 0 
(mod d). Also, by (i), Izk and I,, are distinct if and only if il!& and M,t are 
distinct. This gives (ii). 
Statement (iii) follows from (i) and (ii) since d odd implies for every i there 
exists k such that Mi = Mzk = M,,p,r . (Remember, the subscripts are taken 
modulo d). 
Remark. Note that (u, q) = 1 since u / qd - 1. 
We now prove the following basic facts: 
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LEMMA 5. The following hold: 
(i) If m E Mj then for all k > 1, rnEkl E Mik . 
(ii) If m E Mj then rn[“l E M,, zf and only ;f d j jk. 
(iii) Let m E M1 and (II = index m. For all k 2 1, rnLLl E Mk and 
(4” - l)(q - I)% E 1, . 
Proof. (i) follows directly from equation (5). (ii) follows from (i) since the 
subscripts of the Mi’s are taken modulo d. The first part of (iii) is a particular 
case of (i), and the second part follows from the fact that, by equation (5) 
index mtkl = (4” - I)(q - l)%. 
DEFINITION. For i =. 0, l,..., d-l, Vi={~jO<~<~, ol-indexm 
(mod U) for some m E Mi}. 
LEMMA 6. The following hold: 
(i) For k = 0, l,..., d1 = [(d - I)/21 
V2k = {k&k,,) 
where A = 0, P2 ,..., Ad, are distinct residues module u. Here [ ] denotes “the 
greatest integer in.” 
(ii) 0 E V, implies 1 = 0. 
(iii) If ti, , c+ E V, then 
(qzk - l)(q - l)-l(~~r - aa) = 0 (mod u). 
(iv) IfdisoddthenVk={&}fork=O,l ,..., d-laand&,==0,/31 ,..., pd.-, 
are distinct residues modulo u. 
Proof. (i) follows from (i) of Lemma 4, (ii) from Lemma 3, and (iv)from (iii) 
of the same Lemma. (iii) follows from (i) and (iii) of Lemma 5. 
DEFINITION. Let k be an integer with 1 < k < d. We define the mapping 
Ok: Q - (0) -+ Q - (0) by 
a,(m) = rnckl. (9) 
By equation (5), (Tk: M1 --f Mk . Further, ‘Jo induces the following mappings 
rk- . I, --t I, and pk: V, + V, given by 
~~,(a) E (qk - I)(q - 1)-G (mod qd - 1) 
pk(a) = ~~(a) (mod u). 
(10) 
(11) 
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Let k be odd. If 01~ , 01~ EI~ then 
(qk - l)(q - l)-‘(~~r - ar,) = 0 (mod U) (12) 
if and only if 01, - CQ = 0 (mod u). To see this, note that by (iii) of the last 
lemma, 
(q + l)(a, - CX~) = 0 (mod u). (13) 
Assume (12) holds; if k = 2Z+ I then from (12) and (13) it follows that 
q2z(a1 - a2) E 0 (mod u). Since (u, 4) = 1, we have ((or - CXJ = 0 (mod u). 
It follows that for odd k the mapping pLr; is (1 - 1). Thus we have for odd k, 
Assume we have inequality in (14). Let a be an element in Mr . By(i) of Lemma 2, 
the mapping pa2 = paIll: Mr --t 111, k = 21+ 1, is (1 - 1) and onto. Let 
v, = {Lx1 ,...) c+} and V, = {rt ,..., yJ}. For i = I,.,., s, there exists m, G Mk 
such that index mi = yi (mod u). Also, for each i there exists mi E Ml such that 
m, = f&pa’ = (b * @) * b = bg”“+f$J 
where b = &I. Hence 
index ml = yi E ($+I + 1) index b + ~1 index tii (mod u). (15) 
Both (qz+l + 1) and index b are constants. / V, 1 < 1 V, 1 implies there are 
more choices for yi than there are for index %i . This gives a contradiction since 
the yi are all distinct modulo u. Hence we have equality in (14) and plc is also 
onto. We have: 
LEMMA ‘7. The following statements hold: 
(i) For 1 < k < d, if y E V, then y ES (@ - l)(q - 1)rol (mod U) for 
SomeocEV,. 
(ii) For 2 = 0, l,..., 4 = W - 2)/21> I vzc+l I = I V, I. 
Proof. For k even, ok is onto since I VVk / -= 1 in this case; then (i) follows 
from (9) (lo), and the previous paragraph; (ii) is just a result of the previous 
paragraph. 
We restate (i) of Lemma 7 as follows: 
LEMMA 8. For 1 < R < d, 
Vk = (p - l)(q - l)-lV, = ((4” - l)(g - 1)-k (mod U) 1 01 F Ii}. 
Remark. If d is odd then we can go directly to Lemma 15 for a contradiction. 
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For the proof of Lemma 15 needs only the following three facts: 
(i) 1 V, 1 = 1 for 0 <k <d. (Th’ f 11 is o ows from Lemma 6(iv) for d odd.) 
(ii) u = d. (This follows from (8) and statement (i) for d odd.) 
(iii) If V/r; = {&} then IgR 3 ($ - l)(q - l)-lfll (mod d). (This follows 
from Lemma 8 and statement (ii) for d odd.) 
Thus Lemmas 9-14 are needed only to handle the case where d is even. 
LEMMA 9. If 01~ , a2 E VI and y = 2cz, - 01~ (mod u), then y E V, . 
Proof. Choose mi E Ml such that index mi = CQ (mod u) for i = 1,2. 
Then m = (m, . m,) . m, E M3 implies 
index m = (q2 + 1) index ml + q index m2 = (q3 - l)(q - I)-1~ (mod U) 
for some y E V, (Lemma 8). Thus 
(q2 + 1)~~ + 401~ = (q2 + q + 1)~ (mod u). 
Calculation yields 
(q2 - lb1 + 2or, + (4 + lb2 - a2 = q(q + 1)~ + y (mod u). 
Since 01 r ,01~ , y E I’, , (q + l)cz, = (q + l)a, = (q + 1)~ (mod U) (Lemma 6(ii)). 
Thus we have 
[(q - 1) + 1 - ql(q + lb, + 2al - a2 = Y (mod u) 
2oi, - a2 E y (mod u). 
This gives the lemma. 
LEMMA IO. Let (II E V, , v0 = u(u, q + 1)-l. There exists a positive integer k 
such that kv, 1 u and 
V, = /a + j(kv,)(mod U) ( j = O,..., & - 11. 
Proof. Let a1 , 01~ E V, . Then (q + I)(cQ - CY~) I 0 (mod U) (Lemma 6 (ii)). 
Hence (01, - a2) = 0 (mod v,,). 
Fix 01~ and let W = (i / 01~ + iv,, (mod u) E V,}. Note that 0 E W since ‘y1 E V, . 
If i, j E W then 0~~ + iv, (mod u) E V, and 01~ + jv, (mod U) E V, imply, by 
Lemma 9, that 
2(s + iv,,) - (a1 + jw,) = 01~ + (2i - j) v,(mod u) E V, . 
Thus2i-jEWforalli,jsW.SinceOEW, -j=O--jEWforalljEW. 
Thus 2i + j = 2i - (-j) E W for all i, j E W. In particular, 2i E W and 3i E W 
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for all i E W. It follows by induction that for i E W, all integral multiples of i are 
also in W. 
Let k be the smallest non-zero positive integer in W. (k exists since u E W). 
Then all integral multiples of k are in W. Assume there exists 1 E W, I # nk 
for any n. If g = (K, 1) then g < k and either (a) g = (24 1) or (b) g = (k, 21). 
Consider first case (a). Then g = 72,(2/z) + n,Z for some pair n, , n2 of integers; 
hence g E W since n,k E W and n,Z E W. But this contradicts the choice of k. 
A similar proof shows that case (b) cannot hold. Thus 1 does not exist. Therefore 
W = {nk} and, since V, is computed modulo u, VI = {a + j(kv,,) jj = l,..., e> 
where e is the first positive integer such that 01 + e(kv,) =: 0: (mod u). Thus 
e = u(u, kv,)-l. 
For all integers Z1 , Z, , 01 + (Z,(u/q,) + Z,k)v, (mod U) E VI . In particular, 
CL + (u/q,, k)v, (mod U) E VI . Since (u/q, , k) < k, by the choice of k, we must 
have k = (u/q,, k). Therefore k / u/v,, , kv, 1 u. This proves the lemma. 
We define u = kv, where k and v,, are as in Lemma 10. We then immediately 
obtain from Lemma 10 the following: 
LEMMA 11. Foroddk,O <k <d- 1, V/,isaresiduecZassofvinZ,. 
Proof. By Lemmas 8 and 10, 
v, = (q’; - l)(q - I)-IV, 
= 
I 
(4” - l)(q - l)-lol + (q” - l)(q - I)-ljv(mod U) lj = O,..., % - 11. 
Since / V, / = / V, I, the lemma follows. 
DEFINITION. For i = 0, l,..., d-l, Wi={,iO<y<v,y-~(modv) 
for some /3 E Vi}. 
LEMMA 12. The following hold: 
(i) For k = 0, I,..., d - 1, 3y, such that W, = (~3 and y0 == 0. 
(ii) If yk = 0, then k = 21 for some I, 0 < 1 < [d/2 - 11. 
(iii) If ylc = y2 then k 7 Z := 0 (mod 2). 
Proof. For (i), if k is even then W, is a singleton since V, is; if k is odd W, 
is a singleton by Lemma 11. y0 = 0 by Lemma 6(i). 
Assume yk = 0, k odd. Then by Lemma 11, V, consists of all the multiples 
of v in 2, . Moreover 0 $ Vk by Lemma 6(ii). Thus yk # 0 if k is odd. This 
gives (ii). 
Assume there is a yzj and a ys , 1 odd, with yzi = yr . This implies, if Vzj = 
(&}, that ppj = y2 (mod v). Recall that 
pej = (q2j - l)(q - l)% (mod U) 
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for some 01 E V, (Lemma 7(i)). Furthermore, yE = B (mod o), B E V, , and 
j? FE (qz - I)(q - 1)-G (mod U) 
for some G E V, . By Lemma 10, E = 01+ Jo for some j, 0 < j < u/v. Hence, 
there exist integers K, and K, such that 
(C12’ - l)(q - l)-la + klu = & E yz 3 p = (4’ - l)(p - 1)-l& + k,u (mod v). 
Since z, 1 U, we have 
If 2j > Z, then 
(q2i - $)(q - 1)-b 3 0 (mod v). 
qz(q2i-l - l)(q - 1)-%x 2 0 (mod z1), 
(v, q) = 1 since (u, 4) = 1. Hence 
(q2+I - l)(q - I)% = 0 (mod v). 
Since (q2+” - l)(q - 1)-h E V,-r (L emma 8), yzj-r = O-contradiction to (ii). 
If 2j < 1, by a similar argument we get yrPzj = O-again a contradiction. Hence 
(iii) holds. 
Our immediate goal is to count the number of distinct yk appearing and how 
often each appears. The first is easy; there are v distinct yk appearing since by (9) 
all possible residues module II appear in ufzi Vi and v 1 U. We now perform 
the second task. 
Consider ‘/zlc+t . Assume ysyzi+r = yzk+r . By Lemmas 8 and 11 we then must 
have 
y2k+l 3 (q2”+l - l)(q - l)% = yzi+i E (q2j+l - l)(q - 1))la! (mod V) 
where a! E V, . (In fact, we can choose 01 = yr by Lemma 10.) Assume first that 
K > j. Then 
q2i+‘(p2’“-j’ - l)@ - I)-Ia = (@“+I - q2i+l)(q - I)-& z 0 (mod v); 
since (~1, 4) = 1 we have 
(q2(“-j) - l)(q - 1)-h = 0 (mod v). 
Thus by Lemma 8, y2tkej) = 0 = y,, . If j > K, a similar argument shows that 
YB(i--k) = Yo * Thus, for a given 2K + 1 the number of yr’s equal to y2k+l is at 
most t, the number of yr’s equal to 0. (Note here that we are using Lemma 12(iii).) 
Consider y2k . Assume yzj = y2r . By Lemmas 8 and 11, we must have 
y2k = (q2k - l)(q - l)-la = ‘yzj = (q2j - l)(q - l)-ror (mod v). 
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Assume first that k 3 j. Arguing as above, we have 
(q2(“-j) - l)(q - l)% = 0 (mod v). 
Hence yzcrej) = 0. Therefore 
(q2(“-j) - l)(q - 1)-4x = l,v (mod U) 
for some integer Z, since in computing V20ej) we take the elements modulo U. 
Thus 
(q2'wtl - l)(q - 1)-l a = a + q(q2'"-j' - l)(q - 1)-b 
= a + qZ,v (mod u). 
Now 01 + ql,v E V, by Lemma 10 and (q2+j)+l - l)(q - l)% E V2(k--j)+, by 
Lemma 8. Hence Lemma 11 gives 
Ye&d-t1 = 01 = yl (mod v). 
If i > k we get Y~(+~)+~ = y1 . Thus, the number of yr’s equal to yzlc is at most S, 
the number of yr’s equal to y1 . 
The previous two paragraphs give the following: s < t and t < S. Thus 
t = s. 
Assume now that yzi = y,, = 0. Lemmas 8 and 11 imply 
(qzi - l)(q - l)-la = 0 (mod v). 
Fix 2K. Then by Lemmas 8 and 11 we have 
y2(k+i) - yzk = (q2(k+i) - l)(q - l)-ror - (q2” - l)(q - l)-lor (mod V) 
= qzk(qzi - l)(q - I)% (mod v) 
s 0 (mod v). 
Hence y2(rc+i) = yzlc . Therefore, the number of yr equal to yzlc is at least t. 
Fix 2K + 1. By Lemmas 8 and 11 we have 
yZ(k+i)+l - YZk+l = (!f”k’i”l - 1 )(q - l)% - (q2”+1 - l)(q - 1)%x (mod v). 
E qz”+l(qzi - l)(q - I)-& (mod V) 
= 0 (mod v). 
Hence ~~(~+~)+r = y2k+l . Therefore, the number of yC equal to yzlc+r is at least t. 
We have proven the following. 
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LEMMA 13. The following hold: 
(iii) If t = [{i ( yi = yo}[ and if y E 2, , then the number of yk with 
yk = y is t. 
We wish now to determine numerical relations between the integers d, u, v, 
and t. First, it follows from Lemma 13(ii) and (iii) that tv = d. But also, since t 
is the number of yi with yi = y0 = 0, we must have t = uv-I. For in the set 
(JfLt Vi all the d’ t’ 1s met residues modulo u appear (Lemma 13(i)). By Lemma 6(i) 
and Lemma 12(ii), those residues modulo u which are congruent to 0 modulo v 
occur in sets V,, with 0 < I < [d/2 - 13, Since e, ] U, we have t = u&. Thus 
d = tv = u. 
If d is odd, then it follows from Lemma B(iv) and (8) that d = u and hence 
t = 1. (See also the Remark after Lemma 8.) 
We also wish to show that if d is even, then t 1 2. Recall that V, is a residue 
class of v in 2, . Let ol E VI; then ol + z1 E V, also. By (ii) of Lemma 6, we have 
for all k = 0, I,..., d/2 
(q2” - l)(q - I)% = 0 (mod u); 
this gives 
(P2* - l)(q - 1)-l E 0 (mod t) 
since t = uv-l. But then the elements& , /Ia ,..., &-, of Lemma 6(i) are distinct 
multiples oft in 2, . (See Lemma 7(i).) Thus t has at least d/2 distinct multiples 
in 2, and hence, since t ( d, t = 1 or 2. 
We have proven: 
LEMMA 14. The invariants d, u, v, t of (Q, +, *) satisfy the following: 
(i) u = d = vt and t 12. 
(ii) If d is odd, then t = 1. 
LEMMA 15. t=2,2/dandd>2,v=d/2,andqisodd. 
Proof. Assume t = 1. t = uv-l = dv-l implies that v = d = u. Also, 
t = [ V, ( by Lemma 10; thus by Lemma 6(i) and Lemma 7(ii), 1 V, j = I for 
all K = 0, I,..., d - 1. By Lemma 13(i) we have, since u = d, that the elements 
pk , where V, = {&} for each K, are the distinct residues modulo d. Hence the 
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sets Ik , k = 0, I,..., d - 1, are the distinct residue classes of d in Z&, . By 
Lemma 8 we have that for each k, pk satisfies 
flK = (4” - l)(q - 1)-‘/3i (mod d). 
Let m E i’Uk; then index m E 2;, and index m = /lk (mod d). Conversely, if 
index m = /& (mod d) then index m E Ik and m E Mk since I, is a residue class 
modulo d. Thus we have 
m E M, if and only if 
index m = (qk - l)(q - I)-l,!?i (mod d). 
Consider the set A’ = {x + x * m = x@“‘m 1 m E Q - (0)). (Q, +, .) is a 
nearfield if and only if A is closed under composition ([l], pp. 220-222). Let 
a, b E Q - (0) with X(a) = i, h(b) = j. Then 
index a G (qi - l)(q - 1)-1/3, (mod d) 
index b = (4’ - I)(q - 1)-l/3, (mod d). 
The composition of the multiplication maps x + XQ’~ and x + xq’6 is 
x --f XQ ‘+‘aQ’b. This will be in A? if and only if 
index(aq’b) = (qi+j - l)(q - l)-l&(mod d). 
Now 
index(uQ’b) = qj index a + index b 
= qj(cf - l)(q - I)-l/3, + (qj - l)(q - l)-l/3, (mod d) 
= (qi+f - I)(q - 1)-l/3, (mod d). 
Thus (Q, +, .) is a nearfield, contradicting our choice of (Q, +, =). 
It follows that t = 2. By Lemma 14,2 1 d and v = d/2. Since (d, q) = (u, p) = 1, 
q must be odd. d > 2 since d = 2 clearly implies t = 1. 
LEMMA 16. The following statements hold: 
(i) If y E VI then 
V, = ((4” - l)(q - I)-ly (mod d)}, k even 
Vk = {(!I” - l)(q - l)-ly (mod d), (4” - l)(q - I)-‘(r + d/2) (mod d)), K odd 
(ii) Ifa,bEMk,k=O,l ,..., OY d - 1, then index b-index a = 0 (mod d/2). 
(iii) For k = 0, I,..., d - 1, 1 Mk / = (l/d)(qd - 1). 
Proof. (i) follows from Lemmas 14 and 15 and the definitions. 
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For (ii), if a, b E Mk h t en index a E Ik and index b E Ih . Thus, there exist 6, , 
6, E V/lk such that index a E 8, (mod d) and index b = 6, (mod d). By Lemma 11, 
if K is odd then V, is a residue class of d/2 in 2, (d = u), and by Lemma 6(i), 
if K is even then Vk is a singleton, i.e., 6, = 6, . Thus 6, E 6, (mod d/2) and 
(ii) follows. 
For (iii), we have that / A?, 1 = (l/d)(@ - 1) by Lemma 4(i) since j I,,\ = 
1 Ma ( and u = d; hence j M, 1 = (l/d)(@ - 1) for even k by Lemma 2. Thus 
IV k odd Mk 1 = (qd - 1) - i(@ - 1). By Lemma 2, j M, / = (l/d)(@ - 1) 
for odd k. 
In [2, p. 601 it is shown that for every a E Q - (0) the mapping 
rla: @,Y) - (Y ’ 2, x . a), (m) + ((a . q . a), (19) 
where a” is as in (6), is a collineation of the affine plane coordinatized by Q. It 
follows that the mapping 
pa: m -+ (a . Ci) . a 
is a permutation on the set Q - {O}. Since fi is defined by 
we have, for i = A(m) and j = h(e), 
from this it follows that 
fi = (m-l)P and i=d-i (20) 
Thus for a, m E Q - (0) we have by equation (3), 
A((U . q . a) = 244 + d - @z). 
If h(a) = X(m), then 
h((a . ril) . a) = A(m) 
since the values of X are taken modulo d (i.e., X(X) E 2, for all x E Q - (0)). 
We therefore have the following lemma: 
LEMQIA 17. The following statements hold: 
(i) For every a E Q - (0}, the mapping pa: Q - (0) + Q - (O}, given by 
P,(m) = (a * 6) . a, where rii = (m-l)@-A(m’, is a permutation. 
(ii) If a E Q - {O> and X(a) = i, then pa is a permutation of llJi . 
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In [2, Lemma 2.11, Kallaher shows that for all a, m EQ - {0}, 
(u . Ci) * a = (2 * m) . d. 
Thus, if a, b, m EQ - (O} then 
&Qrn) = jj6((u * fz) - a) = {b . [(f]} * b 
:=(b.[(d*m)*ii])*b. 
Assume a, b, m E Mr . Lemma 17(ii) implies (a . r%) . a E Mi and hence 
A((=) = d - X((u - ti) + u) = d - 1. 
Using (20) we have 
j&(m) = {b * [(clq * rn)fl--lii]) . b 
= {bh-‘&&‘~}Rb 
= bdqmdqb 
= mb2(dq)2. 
But by (20), 
Thus 
$2 = [(u-1)4~-~]9 = ,l* 
We therefore have: 
p&(m) = m(ba-1)2. 
LEMMA 18. If a, b E Ml the mapping ta,b: Ml --j M, , given by fn,b(m) = 
m(bu-1)2, is a permutation of Ml . 
Remark. Note that the multiplication in the definition of .$,,b is the multipli- 
cation in the underlying field GF(qd) and not the multiplication in the Bol 
quasifield Q. 
DEFINITION. G is the permutation group on Ml generated by the set of 
permutations fa,b with a, b E Ml; i.e., G = (Ea,b 1 a, b E MJ. 
LEMMA 19. If CT E G and m E M, , then index u(m) x index m (mod d). 
PYOOf. Assume first that a = ta,b for some a, b E Ml . Then u(m) = m(ba-1)2. 
Now index (bu-1) = index b - index a E 0 (mod d/2) by Lemma 16(ii); thus 
index (bu-1)2 = 2 index (bu-1) = 0 (mod d) and hence index u(m) = index m + 
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index (b&)2 = index m (mod d). Since the Lemma is true for the generators 
of G, it is true for all elements of G. 
LEMMA 20. One of the following statements holds: 
(i) The set T = {ba-l 1 b, a E MI} has order (l/d)(@ - 1). 
(ii) The set U = {(ba-1)2 / b, a E Ml} has order greater than (1 /2d)(pd - I). 
Proof. For a fixed a E M1 , the subset T,, = {ba+ 1 b E Ml} has order 
I Ml I = WW - 1) (L em&a 16(iii)); thus / T / > (l/d)(p” - 1). Assume 
/ T / > (l/d)(@ - 1). The mapping (k-l) + (b~-~)~ is a mapping of T onto I% 
Furthermore, (ZM+)~ = (cd-1)2 if and only if cd-l = &(ba-l). Thus U has 
order at least 4 I T / > (1/2d)(qd - 1). 
We now proceed to show that each of the possibilities given in Lemma 20 
gives rise to a contradiction. This shows that the Bol quasifield Q does not exist 
and therefore Theorem 3.1 holds. 
LEMMA 21. Statement (ii) of Lemma 20 cannot hold. 
Proof. Assume (ii) of Lemma 20 holds. The group G then has order greater 
than (1/2d)(qd - 1). N ow m(ba-1)2 = m if and only if (b~-l)~ z= 1. Hence for 
m E n/r, , the order of the set {me& is the number of [a,b which is equal to 
the order of U. Hence an orbit of G in M1 has length greater than ( 1/2d)(qd - 1). 
Since 1 Ml ) = (I/d)@& - 1) by Lemma 16(iii), it follows that G is transitive 
on the set M1 . By Lemma 19, if m, , m2 E Ml then index m1 =-;I index m2 (mod d). 
This implies that I1 is a residue class mod d and hence / l/1 1 = I, contradicting 
Lemma 16(i). Th us, statement (ii) of Lemma 20 does not hold. 
LEMMA 22. Statement (i) of Lemma 20 does not hold. 
Proof. Assume statement (i) of Lemma 20 holds. If a E Icl, then T = T, = 
{ba-l I b E n/l,}. Let bu-’ E T and cd-l E T; then T = T, implies there exists 
e E Q - {0} = GF(qd) - {0} such that bu-l = ec-l. Hence (ba-l)(cd-1) = 
(ec-l)(cd-l) = ed-l E Td = T. Thus T is closed under multiplication and 
hence T is a subgroup of the multiplicative group of GF(qd) of order (l/d)(@ - l)- 
Since subgroups of this multiplicative group are uniquely determined by their 
order (for the group is cyclic), T = M,, . (By Lemma 3, MO consists of those 
elements whose indices are multiples of d = u and clearly MO is then a subgroup 
of order (I/d)(@ - I).) Let a be a fixed element of Ml and let b E fiTI be arbitrary. 
Then bu-l = c, c E M,,; thus b = ca, index b = index c + index a ~5 index a 
(mod d), and I1 is a residue class module d. This implies / VI = 1 - again 
contradicting Lemma 16(i). Thus statement (i) of Lemma 20 does not hold. 
Lemmas 20, 21, 22 give us an insurmountable contradiction and hence the 
Bol quasifield Q satisfying the assumption after Lemma 1 does not exist. There- 
fore, Theorem 3.1 is true. 
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